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144. 


A THIRD MEMOIR UPON QUANTICS. 


[From the Philosophical Transactions of the Royal Society of London, vol. CXLVI. for the 
year 1856, pp. 627—647. Received March 13,—Read April 10, 1856.] 


My object in the present memoir is chiefly to collect together and put upon 
record various results useful in the theories of the particular quanties to which they 
relate. The tables at the commencement relate to binary quantics, and are a direct 
sequel to-the tables in my Second Memoir upon Quantics, vol cxLvi. (1856), [141]. 
The definitions and explanations in the next part of the present memoir are given 
here for the sake of convenience, the further development of the subjeets to which 
they relate being reserved for another occasion. The remainder of the memoir consists 
of tables and explanations relating to ternary quadrics and cubics. 


Covariant and other Tables, Nos. 27 to 50 (Nos. 1 to 50 binary quantics)}. 


Nos. 27 to 29 are a continuation of the tables relating to the quintic 
(a, b, c, d, e, f o, y). 
No. 27 gives the values of the different determinants of the matrix 
( a, 4b, 6c, 4d, e) 
a, 4b, 6c, 4d, e 
b, 4c, 6d, 4e, f 
b, 4c, 6d, 4e f 
determinants which are represented by 1234, 1235, &c, where the numbers refer to 


1 The Tables 49 and 50 were inserted October 6, 1856.—A. C. 
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the different columns of the matrix. No. 98 gives the values of certain 
functions of these determinants, viz. 


L= 1256+ 2345—2.1346, 
L = 3. 1256 — 1346, 
8M = — 1345 + 2.1246, 
SM = — 2346 + 2.1356, 
8N = — 1245 + 3.1236, 
SN = — 2356 + 3. 1456, 
80P = [| —3L= s.1346—s.2345, 
16P’=—- 5I’ — L= — 16.1256 — 3 . 1846 — 2350. 


linear 


At the end of the two tables there are given certain relations which exist between 


the terms of Tables 14, 16, 25, 26, 27 and 28. 
No. 27. 

1234 1235. 1236. 1245. 1246. 1345, 1256. 2345 | 
abf ~. | ef — 4) @df+ 6| a@df— 6 | aef+ 41] e "AN VLC EE E i “ae | 
ace — 16 | wde+ 24 | ae? ... | @e + 16 | abdf— 4 | abdf— 24 | abef— 2 | abef e| 
a^? + 36 | abf+ 4 | abcf— 22 | abf - 6 | ab? — 4 | ab? - 64 | acdf— 16 | acdf+ 20 
abe + 16 | abce— 84 | abde— 6 | abde— 26 | acf — 24 | acf - 24 | ace? + 16 | ac? — 80 
abed— 152 | abd? — 24 | ace + 16 | ace — 96 | acde+ 24 | acde— 208 | adek 16 | ad’e+ 60 
ac + 96 | acd 64 | acd? ac? + 96 | ad? ... | ade + 144 | Pdf — 15 | Udf— 80 
Bd + 80M Be + 60 | Df + 16 Df  ..| Bef + 24 | Bef wah oe be? + 240 
be? — 60 | Ped — 40 | bce — 10 | Bee + 90 | Bde — 20 | Bde— 40 | bef bef + 60 

bc? pg? Dd? — 80 | bee . | bee + 60 | bede bcde — 860 
bcd bed bed? bed? — 40 | bd? bd? + 960 

e c . | ed ed ce ee + 960 | 

| edi ed: — 320 | 


1346. 2350. 8456. 
quM ner acf?— 6 x 
abef 4- 16 adef + 6 16 
acdf— 36 ae wm bef + 16 
ace? — 16 bef? + 16. ef? + 36 
ade + 36 beef — 26 edef — 152 
b'df — 16 Pdf — 96 + 80 
be bde + 90 df « 96 
baf + 36 ... | edf + 96 60 
bede — 20 .]| de - 80 
bd? GA S. MTM 
ce jua A d* š 
(ed... | 

 —. ——————— —————— MOS 
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No. 28. 


afr+ 3 


1 3 

abef — 22 abef+ 9 | acef+ 2 | adef- 9 
acdf— 12 | acdf — acdf— 1|a@f- 9|a + 6 
ace? + 64 6 | Bf?- 2 
ad*e — 36 | ade ade + 12 | bef — 9 | beef + 1 
18 


bf + 64 | Pdf + Pdf — 18 | bedf 32 | bf + 18 

pà — 45 | Pe — 9 | be? bee? bde — 15 

bef — 36 | bef bef + 12 | bd*e — 15 edf — 12 
' bede — 820 bede + 31 | bede + 45 | Ef — 18 | ce? + 10 


bede + 20 
bd? d 
c?e 


ede 


bd? + 480 
ce + 480 
cd? — 320 


If the coefficients of the table 14 are represented by 4A, B, $C, viz. writing 
A = 2 (ae — 4bd + 3c’), 
B= af—dbe + 2cd, 
C = 2 (bf — 4ce + 3d?), 
then we have the following relations betweeu 1234, &c. and A, B, C, viz. 


Cx | +4x 
1234 = + 6a + 16 ac — 10 Ë 
1235 = + 62b — 2 ac — 108 + 6 ad 
1236 = — 2ac+ 86 + 6ad— 18 bc — 2df+ 8e 
1245 = + 18 ac — 6 ad — 30 be + Bas +10 bd 
1246 = + 12 bc + 4ae-— 4bd—-24¢ + 4be + 8ed 
1345 = + 24 ad — 8 ae — 40 bd + 4af +20 be 
1256 = — lae+ 4bd+ 3e + laf+ 5be —18cd | — 10/ + 4ce+ 3d 
2345 = + 20 ae + 40 bd — 30 e? — 80 be + 20 cd + 20 bf +40 ce — 30 d? 
1346 = + 4ae+ 8bd+ 6c — 36 cd + 4bf + 8ce+ 6d 
2346 = + 4 af + 20 be — 8bf — 4ce + 24 cf 
1356 = + 4be + 8ed + 4bf— 4ce —24d? + 12 de 
2356 — + 8f + 10'ce — 6 of — 30 de + 18 df 
1456 = + 6ce + 6cf — 18 de — 2df+ 82 
2456 = + 66 — 2df—10e + 6ef 
3456 = +16 df — 10 e — 12 ef 4,0 f? 


and the following relations between L, L', &c. and A, B, C, viz. 


+Ax 


3 ad — 3 be 1 bd 
3ae— 3c 

l af — 75 be + T4 cd 
3 af + 15 be — 18 ed 4c 3d 


la 

la 
11 df 
T bf + 

8 be — 3 cd lóf- 2c— 3a 

3 of 
3 of + 
3 df + 


ae + 
f+ led 
+ 28 ce — 39 d? 


laf+ led — 6c4 38d 
Bf- 3d 3 de 
Bcf — 3de 3e 


7 


++] +++ ++ 


N 
M 
L 
n 
2P 
4 
M 
N 
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We have also the following relations between L, L’, &c. and a, b, c, d, e, f, yis. 


> 


aP —bM + cN im 0, 
aM FOP —2cM -- 3d4N = 0, 
aN’ --9bM' — el i +3eN = 

3N" . — dl/-2eM + fN = 0, 


9cN' — 20M' + eP' - fM = 0, 
dN'— eM'+ fP - 0. 
The quartinvariant No. 19 [G] is equal to 
— AC + P, 
ie. it is in fact equal to — 4 into the discriminant of the quintie No. 14, [A]. 
The octinvariant No. 25 [Q] is expressible in terms of the coefficients of Nos. 14 
and 16, viz. A, B, C, as before, and ja, B, y, $è the coefficients of No. 16, [D], i.e. 
a = 3 (ace — ad? — be --2bcd — c), 
B= uf —ade— Uf bd? + bee — cd, 
y=  adf—ae — bef + bde-- ce — cd", 
ó = 3 (bdf —be + 2cde — ef — d’), 
then No. 25 is equal to 


OE) AME oaa 
v. LS, 
Bos S 


The value of the discriminant No. 26, [Q'], is 
(No. 19? -- 128 No. 25. [that is Q’ = G* — 128Q.] 


We have also an expression for the discriminant in terms of L, L', &c, viz. three 
times the diseriminant No. 26 is equal to 


[or say 39Q' =] LL’ 4-64MM' — 64NN', 
a remarkable formula, the discovery of which is due to Mr Salmon. 


It may be noticed, that in the particular case in which the quintic has two square 
factors, if we write 


(a, b, c, d, e, f We, yy = 5((p, q, rix, VY - Qs whe, y) 
C. II, 40 
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then 
a=5rp, — b=4pgh p'u, — c= (29 * pr)* + 2pqu, 
f = riy, e =r + 4qru, d = 2qr) + (2¢ + pr) p; 


and these values give 


P = K (6g? — pr), P' = K (10@ — 1ipr), 
M —K.10pq, M'—K.10qr, 
N=K. 5p’, N = Kpr, 


where the value of K is 
8 (pp? — 2quX + rM (pr — g). 


The table No. 29 is the invariant of the twelfth degree of the quintie, given in 
its simplest form, ie. in a form not containing any power higher than the fourth of 
the leading coefficient a: this invariant was first calculated by M. Faa de Bruno. 


No. 29. [See U. No. 29, p. 294.] 


The tables Nos. 30 to 35 relate to a sextic. No. 30 is the sextic itself; 
No. 31 the quadrinvariant; Nos. 32 and 33 the quadricovariants (the latter of them 
the Hessian); No. 34 is the quartinvariant or catalecticant; and No. 35 is the 
sextinvariant in its best form, ie. a form not containing any power higher than the 
second of the leading coefficient a. 


No. 30. 


(ut | b+6 | "PST. | d+ 20 


e 4 15 EL | 9*1 Se, yr 


No. 81. No. 32. 
ag + 1 qe + 1 nf i314 7| 
E | ag *1 bg + 2 eg + 1 
Pen ce aoe i oe Se —9 7173 ea ERE 
e + 3 ed + 4 d+8 de +4 e + 
d -= 10 
me +4 +6 +9 +6 +4 
No. 33. 
| ac+1 ad+4 | ae+ 6] af+ 4 |ag- 1|bg+ 4] eg + 6 |dg+4 | eg +1 
2 
(9715-4 | dds 4 | be +16 | OF +14 | of «16 | df 4 | of -4 | -1 Ye, y) 
d —10 | cd—20 | ce + 5 | de-20 | & —10 (Jy 
d? — 90 | | 
"EMEN DET +20 +20 +20 +10 x4 "y 
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No. 34 No. 35. 
aceg + 1 | edu aedef—42 | bedf? + 60 
acf? — 1 aMefgj— 6 | act +12 | beef —30 
ad'g —1 adf? + 4 | adig —20 | bed'g +24 
adef + 2 aeg + 4 adef + 24 bcd?ef — 84 
a? —1 af? 3 | adé — 8 | bede +66 
| Beg —1 abedg?— 6 | Bdg? + 4 | bdf +24 
| Bf? +1 | abcefg+18 | beg —12 | bd? —94 
| bedg +2 abcf? —12 bf? + 8 cg +12 
beef —2 | abitfg+12 | Bg? — 3 | eff? —97 
bd?f —9 abdég —18 | beg +30 | dg — 8 
| bde +2 | abéf + 6 beef? — 24 edef +66 
dg -1 acg + 4 | Bdeg-12 | cé — 8 
edf +2 ace +24 | Ud»? — 24 | edf —24 
ee +1 acdfg — 18 b°de f + 60 ede — 39 
cde — 3 acef? + 30 bet — 27 ede +36 
d +1 acd’eg + 54 bifg + 6 d. 2 8 

^ acd?f? — 12 bedeg — 42 
= 

+565 


The sextinvariant may be thus represented by means of a determinant of the 
sixth order and of the quadrinvariant and quartinvariant. 


5 x No. 35= a, 2b, Sc, 4d, 
b, 2c, 3d, 4e, 

e, 9d, 3e, 4f 

|a, 4b 3c 2d, e 

FA 

g 


+4(ag— 6bf--15ce — 10d?| a, b, c, d 
br naa dana 
Oy d, o8, gh | 
ir d. 


The tables Nos. 36 and 37 relate to a septimic. No. 36 is the septimic itself; 


No. 37 the quartinvariant. 


No. 36. 


(Ja | b+7 | ox | d+35 | e435 | f+ 21 | g+7 | h+1 Ye y) 


Lo t T ki. i LLL... u. 


40—2 
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No. 37. 

ahr — 1 bdh - 40 
abgh' + 14 bdeg — 50 
ah — 18 bdf? — 360 
acg? — 24 bef + 240 
adeh + 10 | deg  — 360 
adfg + 60 oe + 8l 
aeg — 40 ed'g + 240 
bbfh — 24 cdef + 990 
bgo — 25 c?  — 600 
befg + 234 dif | — 600 
bceh + 60 de + 375 

+ 2223 


The tables Nos. 38 to 45 relate to the octavic. No. 38 is the octavic itself: 
No. 39 the quadrinvariant; Nos. 40, 41 and 42 are the quadricovariants, the last of 
them being the Hessian; No. 43 is the cubinvariant; No. 44 the quartinvariant, and 
No. 45 the quintinvariant, which is also the catalecticant. 


No. 38. 
(a+1 | b+8 | e + 28 | d+56 | ex TO PE | g +28 | A8 [4x1 Xe y) 
No. 39. No. 40. 
ag + 1|ah+ 2 | ait l| + Da + 1 
bf — 6| bg —10| bk - S la —10| dh — 6 
(Le + 15 | cf +18] eg — 8. dg + 18 | eg + 15 | e, y)* 
e$ —30|d& — 10 | df 34 | Z — 10 | /* — 10 
e — 95 
+16 +20 + 35 +20 416 \ 
No. 41. 


ae t llaf + tlas 6|ah & 4|lai € 1|9 + 4] of + 6 di 4 [eil 

bd —4|be —12|bf — Bldg + 8| bh +12\ ch + 8| dh — 8|eh —12 | fh—4 | 

(e +3|ed + 8|ce —22 | cf -48| eg — 22 dg — 48 eg — 22 fy + 8 g^ «3 Ya, y) 
d? +24|de +36| df — 36 | of 36 | f? + 24 

e + 45 


+4 +12 +30 +48 +58 +48 +30 £12 +4 


No. 42. 


ci + 15|di+20|ei +15|fi+6|gi+1 


b —1 be—6|bd+ 6|be--DO|bf + 90|bg+ 78|bh+ 34|ch+ 78\dh+ 90|eh+50|fh+ 6|gh—6| 3 —1 T 
c —21|ed — 70|d? - 105 | of +126 | eg + 154 | dg 126 |f? — 105 | fy — 70 |g? — 21 d 
de —210|df— 14|ef —210 
| é —175 hou 
+1 +6 +21 +70 +105 +210 +189 +210 210 470 4921 £6 +1 
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No. 43 No. 44. 
exo ee e a u u u U. 
aei + 1 acgi — 1 begh + 3 cedi 
afh— 4 ach? + 1 bdei + 1 cdeh 
ag? + 3 adfi + 3 bdfh — 10 cdfg 
bdi — 4 adgh — 3 bd? + 9 ce®g 
beh + 12 qeq — 2 beh + 11 cef? 
bfg — 8 aefh + 1 befg — 23 ah 
cy + 3 aeg? +3 bf? + 12 deg 
cdh — 8 af? — 2 ga 8 af? 
ceg — 22 bgi +1 cfh + 9 def 
of? + 24 bh? — 1 eg — 12 at 
d'g + 24 befi — 3 
def — 36 
e + 15 
+82 
No. 45. 
acegi + 1 aff +1 bdeg? — 4 cd?g? 
ace? — 1 begi — 1 bdf?g -+ 2 edefy 
acf — 1 Beh? +1 beh — 2 cdf? 
acfgh + 2 Bfgh — 2 befg +4 ceg 
acg? —1 (yv + 1 bef? -—2 ce*dh 
ad'gi — 1 UO 13 eg — 1 cet? 
ad? + 1 bedgi + 2 ck +1 d*i 
adefi + 2 bed? — 2 edfi + 2 deh 
adegh — 2 beef? — 2 cdgh — 2 dfg 
adf*h — 2 beegh + 2 ee 41 deg 
adf? + 2 bef*h + 2 eefh — 4 def? 
qeq — 1 bg — 2 eeg + 2 def 
ae*th + 2 bd?f4 — 2 C KT a 
aeg? +1 bd*gh + 2 ede — 3 | 
aef?tg — 3 baden + 2 sdh, +2 | 
If we write 
No. 39 = Z, 
No. 43 =J, 
No. 44=K, 
No. 45 = L, 
then the determinant called the lambdaie, viz. 
a p LT pud , €—12X | 
b | d ad , 0019 f 
Cc > d , Ga 2^, * , g 
d poit ME s h 
e — 12, f > g , h , i 
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is equal to 
L + 2XK + 3X3 + 1831 — 259205. 


Nos. 46 to 48 relate to the nonic. No. 46 is the nonic itself; Nos. 47 and 48 
are the two quartinvariants, each of them in its best form, viz. No. 48 does not 
contain a°, and No. 47 does not contain ac?, the leading term of No. 48. The 
nonie is the lowest quantic with two quartinvariants. 


No. 46. 
( a+1 [5:9 ¿+ 86 | d+84 | e + 126 | f +126 | 9+ 84 A+36 | ¿359 |j«1 Ya, y). 
No. 47. No. 48. 
ay = | bf?h m HW ING: bf?h:.-- 70 
abij + 18 bf? — 720 aby... bfg - 45 
aci? ime. efi + 432 ac? + 2 CA + 27 
achj — 72 cgi — 1728 achj — 2 egi — 52 
| adgj + 168 ch? see adgj + 7 ch? + 25 
| adhi - cdej — 720 adhi— 7 cdey — 45 
aefi — 108 | cdf + 2160 afi — b | edfi + 23 
aeg — 576 cdgh + 4608 aegi — 22 cdgh + 22 
| ach? + 432 | ce “Ë ach? +27 | cei + 70 
af% + 540 | cefh — 2592 af" +25 | cefh — 197 
afgh — 120 ceg? — 5760 afgh — 45 ceg? + 32 
ag + 320 | cf'g + 4320 ag? +20 | cg + 25 
ps is dá + 320 | Phy + 2 d'j- + 20 
v? — 8l dei — 1720 ba? — 2 dei — 45 
begj A dfi — 5760 beg) — 7 fh + 32 
bchi + 648 d'g? — 1536 tchi + 7 dg + 47 
bdfj — 576 defg + 14688 bdfj — 22 defg + 85 
bdgi + 792 deh + 4320 bdgi + 74 deh + 25 
bah? — 1728 df? — 8640 bdh? —52 df? — 50 
begh + 2160 eg — 8640 begh + 23 eg — 50 
bà; + 540 | éf* + 5184 bë; +25 | ef? + 30 
beft — 972 befi —73 
+ 41650 + 698 


Nos 49, [49 A] and 50 relate. to the dodecadic. No. 49 is the dodecadic itself; 
[No. 49 A, inserted in this place, but originally printed in the Fifth Memoir on Quantics, 
is the dodecadie quadricovariant], No. 50 is the cubinvariant. [The numerical coefficients 
in this last table as originally printed in the Third Memoir were altogether erroneous, 
and the table as here printed is in fact the table No. 50 bis, of the Fifth Memoir on 
Quanties.] 


N o. 49. 


ITE) 


jar |o 12 


c+ 66 | d. 220 


¿+495 | f+ 792 g+924 A+792 i+495|j+220|k+ 66 | Le12 | m4 1 
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No. 49 A. 
agr l | ah+ 6 | æi + 15 |.aj 20| ak+ 15 | al + 6] am+ 1 
bf — 6 | bg —30 | bh — 54| bà — 30| bj + 30 | bk. 54] D2 + 30 
ce +15 | of +54 | eg + 24 | ch—150 | ci —270 | ej — 150 | ck + 24 
(| d —10 | de—30 | df + 150 dg + 430 | dh+ 270 | di — 270 dj —430 
e —135 | ef — 270 | eg +495 | eh + 1080 | eè +495 
f*—540 | fg— 720 | fA +720 
| g —840 
216 +60 +189 + 450 +810 +1140 +1270 
bm + 6 | em + 15 | dm + 20 m + 15 
c + 54 | dl + 30| ea — 30/ fl — 54 Al — 6; 
dic. — 150 | ek "= 270 fk —150 | gk + 24 tk +15 ‘Ye y 
g — 910 fj +270 | gj +4301 Aj +150 jg o-10 9^ 
fi +1080 | gt +495 | he —270 | 2? -135 | 
gh — 720 | Æ —540 | 
| ! 
+1140 +810 +450 +189 +60 £16 
No. 50. 
agm + 1 cfi — 54 dhi + 270 
ah — 6 egk + 24 ek —135 
aik +15 | chj +150 | eff +270 
a? —10 | e? -135 | egi +495 
| bfm — 6 dm — 10 eh? — 540 
bgl +30 | del. + 30 fa — 540 
bhk —54 | dfk +150 | Jgh +720 
bj +30 | dgj —430 | ` —280 
cem +15 
TT AN AE 


Resuming now the general subject,— 


54. The simplest covariant of a system of quantics of the form 


(= Ya, y, ...)" 
(where the number of quantics is equal to the number of the facients of each 
quantic) is the functional determinant or Jacobian, viz. the determinant formed with 
the differential coefficients or derived functions of the quantics with respect to the 
several facients. 


55. In the particular case in which the quantics are the differential coefficients or 
derived functions of a single quantic, we have a corresponding covariant of the single 
quantie, which covariant is termed the Hessian; in other words, the Hessian is the 
determinant formed with the second differential coefficients or derived functions of the 
quantic with respect to the several facients. 


56. The expression, an adjoint linear form, is used to denote a linear function 
Fæ +ny+..., or in the notation of quantics (Ë, 7,...%4, y,-..), having the same facients as 


WWW.rcin.org.pl 


320 A THIRD MEMOIR UPON QUANTICS. [144 


the quantic or quanties to which it belongs, and with indeterminate coefficients 
(£, 7,...). The invariants of a quantic or quantics, and of an adjoint linear form, may 
be considered as quantics having (Ë, 7,...) for facients, and of which the coefficients 
are of course functions of the coefficients of the given quantic or quantics. An invariant 
of the class in question is termed a contravariant of the quantic or quantics. The 
idea of a contravariant is due to Mr Sylvester. 


In the theory of binary quantics, it is hardly necessary to consider the contra- 
variants; for any contravariant is at once turned into an invariant by writing (y, — z) 


for (£, n). 
57. If we imagine, as before, a system of quantics of the form 


(* Qa, Y, sak Jh 
where the number of quantics is equal to the number of the facients in each quantic, 
the function of the coefficients, which, equated to zero, expresses the result of the 
elimination of the facients from the equations obtained by putting each of the quantics 
equal to zero, is said to be the Resultant of the system of quantics. The resultant 
is an invariant of the system of quantics. 


And in the particular case in which the quantics are the differential coefficients, 
or derived functions of a single quantic with respect to the several facients, the 
resultant in question is termed the Discriminant of the single quantic; the discriminant 
is of course an invariant of the single quantic. 


58. Imagine two quantics, and form the equations which express that the differen- 
tial coefficients, or derived functions of the one quantic with respect to the several 
facients, are proportional to those of the other quantic. Join to these the equations 
obtained by equating each of the quantics to zero; we have a system of equations, 
one of which is contained in the others, and from which therefore the facients may 
be eliminated. The function which, equated to zero, expresses the result of' the 
elimination is an invariant which (from its geometrical signification) might be termed 
the Tactinvariant of the two quantics, but I do not at present propose to consider 
this invariant except in the particular case where the system consists of a given 
quantic and of an adjoint linear form. In this case the tactinvariant is a contravariant 
of the given quantic, viz. the contravariant termed the Rectprocant. 


59. Consider now a quantic 


(wha, y, ..- "^, 
and let the facients z, y,... be replaced by Aw+pX, Xy 4- uY,... the resulting function 
may, it is clear, be considered as a quantic with the facients (A, w) and of the form 


(Qro, y, ...)" 
(ril, diu UR qu) GA, uy". 
(WX, Y,...)™ | 
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The coefficients of this quantic are termed Hmanants, viz., excluding the first coefficient, 
which is the quantic itself (but which might be termed the 0-th emanant) the 
other coefficients are the first, second, and last or ultimate emanants. The ultimate 
emanant is, it is clear, nothing else than the quantic itself, with (X, Y,...) instead of 
(a, y, ...) for facients: the penultimate emanant is, in like manner, obtained from the 
first emanant by interchanging (z, y,...) with (X, Y,...) and similarly for the other 
emanants. The facients (X, Y,...) may be termed the facients of emanation, or simply 
the new facients. The theory of emanation might be presented in a more general 
form by employing two or more sets of emanating facients; we might, for example, 
write Az --uX --vX', Ay--uY --vY',... for z, y,..., but it is not necessary to dwell 
upon this at present. 


The invariants, in respect to the new facients, of any emanant or emanants of a 
quantic (ie. the invariants of the emanant or emanants, considered as a function or 
functions of the new facients), are, it is easy to see, covariants of the original quantic, 
and it is in many cases convenient to define a covariant in this manner; thus the 
Hessian is the discriminant of the second or quadric emanant of the quantic. 


60. If we consider a quantic 


(GD 95... y^. 


and an adjoint linear form, the operative quantic 


ka, Ces. Ud 9... )" | 
(which is, so to speak, a contravariant operator) is termed the vector. The proper- 
ties of the evector have been considered in the introductory memoir, and it has been 
in effect shown that the evector operating upon an invariant, or more generally upon 
à contravariant, gives rise to a contravariant. Any such contravariant, or rather such 
contravariant considered as so generated, is termed an Evectant. In the case of a 


binary quantic, 
(Gb... bm, yy 


(a, 0,,..- QY, -a ay 

may, if not with perfect accuracy, yet without risk of ambiguity, be termed the vector, 
and a covariant obtained by operating with it upon an invariant or covariant, or 
rather such covariant considered as so generated, may in like manner be termed an 
Evectant. 


the covariant operator 


61. Imagine two or more quantics of the same order, 


(a, b; ... aeg)", 
(6 Bron Bit, 9 


we may have covariants such that for the coefficients of each pair of quantics the 
covariant is reduced to zero by the operators 


ada + bdg + ..., 
a0, + BO, + .... 
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Such covariants are called Combinants, and they possess the property of being inva- 
riantive, quoad the system, i.e. the covariant remains unaltered to a factor prés, when 
each quantic is replaced by a linear function of all the quantics. This extremely 


important theory is due to Mr Sylvester. 
Proceeding now to the theory of ternary quadrics and cubics,— 


First for a ternary quadrie, we have the following tables :— 


Covariant and other Tables, Nos. 51 to 56 (a ternary quadric). 


No. 51. 


The quadric is represented by 
(a, b, c, f, g, he, y, 2Y, 
which means 
aa? + by? à c22 + 2fyz + 2gz« + 2hay. 


No. 52. 


The first derived functions (omitting the factor 2) are— 
(a, h, gia, y, z), 
(h, b, fa, y, 2) 
(@ f ce» 2). 


No. 53. 
The operators which reduce a covariant to zero are 


(h, b, 2%, 0, %)— zy, 


(29, f,  cXM0s %, %) — 202, 
(a, 2h, gió, 9, Op — Yz 
(9 25 chon. æ O0 — Yor, 
(a, h, 29 00, Oh 0)— 5*0, 
(2h, b, f $0, Oya 0,)— «Oy. 


The evector is 
(05, 05, Oc, Oy, 05, On Yé, T); 
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No. 55. 
The discriminant is 

a, “Rh, Yg 

hp tb, wf 

9 hc 


which is equal to 
abc — af? — bg? — ch? + 2fgh. 


No. 56. 
The reciprocant is 
?" &£ wt 
P a, h, g 
v» h b, f 
| 6$ $c 


which is equal to 
(bc —f?*, ca—g^ ab—h’, gh—af, hf—bg, fg— ch WE, n, €). 


The discriminant is, it wil be noticed, the same function as the Hessian. The reci- 
procant is the evectant of the discriminant. The covariants are the quadric itself and 
the discriminant; the reciprocant is the only contravariant. 


Next, for a ternary cubic, we have the following Tables : 


Covariant and other Tables, Nos. 57 to 70 (a ternary cubic). 


No. 57. 
The cubic is U = 
| (a, b, C, A 9, h, 1, PA k, Iya, y £y, 


which means— 
aa? + by? + cz? + Sfiz + 3gz*a + Sha*y + 992 + 8jza* + 3kayt + Clays. 


No. 58. 


The first derived functions (omitting the factor 3) are 
(a, k, g, l, j, ho y, zy, 
(6, 4, f Ll; bs wis 


(5 a c , $ 9, l Ya, Y, zy: 
41—2 
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The second derived functions (omitting the factor 6) are 


The operators which reduce a covariant to zero 


Ca aN e MS 
(5d, 15. Mo SG LM 
(gh 0; q NI 
(À 5, @' 35 
(W, f 9 ah 
(i Gy. 9 is Foor 21, 


The evector is 


The Hessian is HU = 


PR (a, h, j Qe, y E z), (h, k, 


(Oa , Op D Oc, Oy, Og D 


(a, h, j Da, UP 
(k, b, f ls, 7, 
(p 9$, edo 7» 
(l, f, Ü Ya, Y, 
6), l, g Xa, Y, 
(h, k, La, y, 
No. 59. 
| 9; 21 104, Ob, 
2j), ho; Oy, 
90, kd, Oy, 
9),  kYWO, Oy, 
29, 21 YOu, Ox; 
j , 2h 304, Op, 
No. 60. 
Ons di, 0j, 
No. 61 


Lia, y, 


(h, k, l Qa, UP 2), (k, b, LET Y, 


t i, gc, y, 2), (, 5 i Qa, Y, 2), 
which is equal to 

| agk —l|bhi — 1 citi —1| bch —l|acf —l|abg—1]|5bcj —1 
| a)? +1/b? -1l|c? «1li|bgl +2) a? -1l|afi +2|bg +1 
gh? -l|f?h -l|fg +1) by —1l|cM -2|aik —l|cfh —1 
| jl —2|fkl = 2 |fkl —2| ch? «1 gk —1| Oj? +1 cht +2 

| Pk +1) +1|2@) 41) f¥ +11 fg ] 
| | Jgk —2\ 9k +1 |ghk - ligik — 2 
fhi +1|ghħ -2| MÀ -1|A2 +1 
JP —-1|g? —-1|AP -1i -1 


+3 +3 +3 +5 


+5 
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ach — 1 | abi — 1 | abe — 1 
afg -l|af?-l|afi +1 
ail -- 2| bgh — l|6gj +1 
ch? +1| djl +2| chk +1 


+1| fj 2|f «1|ff +11 fk —2|fgh —3 


gjk +1\ gk +1\ fl +2 
hij — 2 | hki «1|gkl +2 
jÈ —1|kB —l|A4 +2 


gk —3 
pP —29 
+5 zb +9 


[144 


144] A THIRD MEMOIR UPON QUANTICS. 325 


No. 62. 
The quartinvariant is S= 


abel =1 | f +1 


gi? —1 
+16 
No. 63. 

The sextinvariant is T = 
ab + 1 | agh —24 | bh? -12 | ghi -12 | fghh —12 
abefi — 6 | acf%k —12 | begt —24 | fke +12 | “fray —12 
di? + 4 | acf? —12 | beghjk +18 | ofhjkt - 60 | “fh? —12 
dU + 4 | acfhki +18 | bckj —12 | of +24 | fill +36 
af? — 3 | acfkP +36 | bj? +36 | cgPl +12 | fit +24 
abg; — 6 | acil —24 | bk —24 | cgjó —12 | gi + 8 
abg + 4 | af'g —12 | Uy + 6 | chikl +12 | gk —12 
ab?hk — 6 | afigk +24 | bapl +12 | cj? + 6 | gib — 24 
abefgh + 6 | aftghi + 6 | ČA —12 | chk —12 | gh? —12 
abcfjil +12 af'gP +12 bhk —12 gk? +12 ghii? —12 
abegkl +12 af" +12 bg? +24 Wert: mac gykl +36 


abchil +12 afgkil — 60 bg? +12 Jg -27 gk +24 
abeyk + 6 afhil +12 bg°jkl +12 J'gpk —12 We + 8 
abe? — 20 afvjk + 6 bghijl --60 | f’ghjl +36 AP — 24 
abfgy +18 afi? | —12 bógipk + 6 JU —12 hilt +24 
abfgl — 24 agki +24 bgjh | —12 JW -—24 ASjkbD +36 
abg’ki — 12 ahvk  — 12 bv? + 24 Jehki +36 PPS —27 
abghi? — 12 avk? +12 by? +12 Jgj? — 12 gk? — 36 
abgi? +36 ba? + 4 chk — 3 Jghil +36 is — 8 
abil — 24 bg’ — 3 f hj +24 Jghijk — 6 

aC) + 4 beh? + 4 cfgh’k + 6 Jg? —36 


+871 


The discovery of the invariants S and 7 is due to Aronhold, the developed 
expressions were first obtained by Mr Salmon. 


No. 64. 
There is an octicovariant for which we may take 
GU = CUm eT GRUTA i 


0,HU, 40:2 U, j0,0,U, $0,0,U 
HU, 40,0,U, $0 U, 1007 
|3 HU, 40,9,U, 4000, $02 U 
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or else 
@ U = lo. Tekan, Un £0, Ú 
Lo U sto at HUS 0 o HE 60,80 
40,0, 20, ga Pht toa SHU) 0,0, HU 
40,0) 09,0, H U, 0, 0H. of HU 
or else, what I believe is more simple, a function GO, U, which is a linear function of 
the last-mentioned two functions. 


The relations between @ U, @ U, @ U are 
— O9, U+40U=T. U: —248. U. HU, 
O,U--20U — T.U* — 10S. U. HU. 


I have not worked out the developed expressions. 


No. 65. 


The cubicontravariant is PU — 


bel — 1 |acl —-1|abi —l|ack + l|abé +1) bei +1) abg +1) bch + l|acf + liabc —1 
bgi + llagi + liafk - liafg —2 | af? — 1|bg! —llafl +1|bgl - 1a? —1l|afi +1 
ofk +1 \chj +1|bhj -l|ai 41|bgh —2|cfh —2|aik — 2|bij —2|chl +1|ögj +1 
fg —1|\ gh —1\ fh? —1| ch? —l|bjl +1|ckl +1/ b? —1|cP —1|egk —2|chk +1 | 
| fil «1l|gl +1lckl +1|f +2\ fal +3\fol +3|/ —1|f5j +2 |fgj = 1 fgh +3 j 
| ime lla? Tisa = 11 «3[fk —l1[f —1 ghk—1|fgb -1|gk 42 jl —4| 06 v O* 
| gk —1\ gk? +2\gki —1|Ài 4 2|fhi — 1|ghi -1|gkl —4 


hij —l|hki—1|AÀ? 4-2|h? —2|f? —2|gP? —2|hil —4 
j^ —-2|kP? —2j|4? —2 jk +3|ikl +3) yl +3) yk +3 | 
PB +4 


+3 +3 +3 £7 +7 +7 +7 +7 +7 +13 
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The quintic contravariant is QU = 


No. 66. 


327 


abe + 
abcf 4 — 
ab? + 
acf? + 
af? — 
beg) — 
Bg + 
behk — 
befgh + 
bef il + 
begkl + 
bchil + 
beük + 
bel? —10 
bfgij + 9 
bfgl —12 
baki — 6 
bghi? — 6 
bg? +18 
bijl — 19 
C kad 
af hl — 19 
fk — 6 
ggk — 6 
cfhki+ 9 
fk? +18 
ck] — 19 
gj 
SEK 4 19 
F'ghi 3 
Sg + 6 
Jul. 
Skil — 30 
JA + 6 
fëjk+ 3 
fib _ 6 
gk? 419 
hik — 6 
Phe + 6 


Q2 O» O» O» Q9 Q2 tO Q3» Q2 > > De 


abc + 
a?cf i — 
au + 
abegj — 
abg + 
achk — 
acfgh + 
acf jl + 
acgkl + 
achil + 
acijk + 
ach —10 
afgij + 9 
afgl — 12 
agki — 6 
agh? — 6 
agi? 418 
ai —12 
bo? + 4 
bg? — 3 
che + 2 
fh — 6 
egh*l —12 
eghjk+ 9 
ckij — 6 
chj? +18 
qki —12 


1 
3 
2 
6 
4 
3 
3 
6 
6 
6 
3 


ark? + 18 
akl —12 
PP + 2 
bch? + 4 
bfhy — 6 
bgl — 12 
bghjk- 9 
6A — 6 
bhj? +18 
bjkl —12 
chk — 3 


— 6|fgj + 3\ fej +12 


Jy + b\fol?k + 3 


KA 8 
ghk — 6 


fh — 6 
TE + 6 
gu +12|fhjkl—30| fP +12) f%gh? 


abe — 
af? + 
af? — 
abegh+ 
abejl + 
abgij + 9 
abg?l —12 
acf hl — 24 
acfjk — 12 
acgk? — 6 
achki+ 9 
ack? + 18 
af*gj — 18 
afg’k + 24 
afghi + 6 
afg? +12 


3 
6 
3 
3 
6 


hP + 6 
chjkl — 30 
gk? +12 


ab? — 3 
abg? + 6 
abcfh - 3 
abckl + 6 
abfij+ 9 
abfgl — 24 
abgki — 12 
abh? — 6 
abil? +18 
acfk?— 6 
af? — 6 
af *gk+ 24 
af*hi+ 3 
af'? + 6 
afkil — 30 
ak +12 
Ug — 3 
beh — 12 
bchjk + 9 
bfghj + 6 


bgh? + 12 
bgjkl + 12 
bhijl — 30 
bik + 3 
be — 6 
fh?k+ 3 
chk*l + 6 
ge — 6 


abek- 3 
abefg+ 3 
abcil + 6 
abg? — 6 
acf?l — 12 
acf kik 9 
af*gi + 3 
afl + 6 
ak — 6 
beh? + 6 
bef — 6 
beght — 24 
begjk + 9 
bala — 12 
bel? +18 
bfgj + 3 
bgk.— 6 
bg?hi + 24 
bg? + 6 
bgijl — 30 
bey? +12 
ehk — 3 
cf?hj + 24 
cfghk + 6 
cf — 18 
cfhP +12 
cfjkl — 30 
cgkl + 6 
chikl + 12 
cijk? + 3 
ck? — 6 


Ghe + 6) fPk? +12 [fy — 27 | fk — 6|7/%j1 +18 
fapk —12|f?Ajl +18 


gk + 6 
ghijl — 30 
gpk + 3 
we — 6 
AvP +12 
yr + 6 


+145 


ghkl + 
gj — 
Wikl + 
high? + 
hk? — 
JP + 


Cs G> S> C+ C 0» 


3-145 


"us - 6 


wbef — 

abi? + 

af — 

abchl + 

abcjk + 

abfq) + 

abg?k — 

abghi— 12 
abg? + 18 
abijl — 24 
acfhk-- 9 
ack*l — 12 
af?gh- 3 
afjl + 6 
afgkl — 30 
af hil + 12 
afijk+ 6 
af? — 6 
agk% + 24 
ah?k — 18 
aik? +12 
beh?) — 6 
My — 6 
by + 12 
bghjl — 30 
bg?k + 3 
bhij? + 24 
bPP + 6 
Wh — 6 
ch®kl + 6 
chjk? + 3 


DPOw nw | 


— 27 |f — 27 | fry? — 6 


"b 


abeg — 3 
abcfl+ 6 
abcik < 3 
abfgi + 9 
abil — 12 
acf?k— 6 
ary c 

af + 6 
fk + 3 
bg? + 6 
pg — 3 
bef hj— 12 
beghk+ 9 
bci — 6 
beh? +18 
bejkl — 24 
bijih + 3 
bfgjl + 12 
bf? — 18 
bhi + 6 
bghil — 30 
bgijk + 6 
bg? — 6 
bhi) + 24 
bij? +12 
of *h? + 12 
efhki — 30 
of jk? + 24 
eg? — 6 
chik? + 3 
cP + 6 


3⁄2 


+12 | / 


abeh — 3 
abegl + 6 
abcij + 3 
abg — 6 
ack? + 6 
acf*; — 6 
acfgk — 12 
acfhi 4 9 
acf P +18 
acikl — 24 
af?g? + 12 


cfg + 3 
cfhjl — 30 
cffk + 24 
cghkl + 12 
cgjk? — 18 
chil 6 
chijk + 6 
chè — 6 
gk? +12 


a — 6 


abefj + 6 
abegk+ 6 
abchi - 6 
abc? — 30 
abfg? — 12 
abgil + 36 
abi) — 12 
acf*h — 12 
acfkl + 36 
acik? — 12 
af *gl 4 12 
af^j + 6 
afgki — 30 
afh?+ 6 
afi? —18 
ařkl +12 
begh? — 12 
bchjl + 36 
bapk — 12 
bfy? + 6 
bhi + 12 
bok + 6 
bghij — 30 
bgj? — 18 
bu +12 
cf AL +12 
cf hjk — 30 
eghi? + 6 
chuk + 6 
chk? — 18 
cjkl +12 


291; + 18 


Jahl + 18 2k — 12 M +18 SYA — 24 
i Jghjk— 8 fight + 18 gk —12 `hh + 18 
“fghjl + 36 |fghkl + 36 Zk + 18 [fhi — 12 fij — 12 |fohij — 3 fgléi + 18 
“g: —12|fgjl? —12|fuhil + 36 [fj — 6 yË —94|fgjP — 6 fyhP —54 


Pe — 94 fil -18|fgik — 3 hl «18 fy — 6 
Ghkl 18|fhijk = 3|fgh —18 


gik — 6 


Ë —18|fAej —12 


ghil +18| fae — 6) fy? — 6 


ghijk — 3|g 


ghË —18 
gk? — 6 
kij — 6 
hi? — 6 
ik +18 
ge +12 


p +12) gh — 6 
ghki? — 12 
gh — 6 
WP +12 
hee — 24 
ijkl +18 
i! +12 


ghk’i — 12 
gib — 94 
Wk? — 6 
lk? — 6 
ijkl +18 
kU +12 


+ 282 


+ 282 + 282 


ghk? — 6\fyhik— 3 
gh?ki — 12 |fgkP — 6 
ghk? — 6 |f? — 6 
gj + 18 \|fliP — 6 
ki +12 |fijkl + 36 
Wil? —24 /Ë +12 
ht +12|gikl +18 
hijkl + 36 | hvkl + 18 
gu — 27 | 92 — 27 
JkË —18|ik? —18 


+ 282 z= 282 
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Syl + 18 | fajkl - 12 
gh +12) fhigl — 12 
g*hki — 12 | fark +18 
gk? —24|fj^ +48 
gi? — 6|gul — 24 
ghi? — 6| ghkil — 12 
gükl + 36 | gii? +18 
g* +12\gkP +48 
Ail +18) AM — 24 
PPk —2T7| P +48 
Jke — 18| jk +18 

gk? — 54 

B —24 


+282 + 4386 
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No. 67. 
The reciprocant is FU = (w W£, n, £) = 
&. 7°. $*. nf (5E. £55. 0g. ig. £p. 
Bc? +1) ac? +1] a7? +1|aci — 6|abj — 6|b8k — 6|wbf — 6\ Beg — 6|ach — 6 
befi — 6 | acgj — 6 | abhk — 6 | acgh + 6| abfh + 6|bcfg + 6| abhl + 12 | befl +12} acgl + 12 
bi? -4|ag +4 | ak -4|acgl -12|abkl +12 bal +12|abjk + 6 |bcik + 6 ac + 6 
cf? -4|g? -4|b)? +4 agg + 18 afk? — 12 bg? —12 |afhk+ 18| 0fg + 18 | ag — 12 
JW -3|gp —3 | —3 ag —94 DIL —24 fl —24 | al —24| bl —24 |eghj +18 
ch? — 12 bhjk + 18 |cfki + 18. 02 —12|cof?k — 12 | — 24 
gh) + 6|/hbk + 6|/%¿ + 6|f? —12|f£?g —-12\ gh -12 
gpl +12) hkl +12) fel +12 | PEL + 12 £L +12) 9% +12 
i? -12|j? -12\%e -12|Aj + 6|fvk + 6 gy? + 6 
+9 +9 +9 +54 +54 +54 +54 +54 +54 - 
n". DE. eg. m t$, Pg. Ent. TP. Pe. ep 
acf + 6|abg + 6|bh + 6la% + 6) + 6 /ack + 6la%e — jabe — 2 abc — 2 
a? + 9) abfl —12|begl —12 |a?f*? + 9| Dg? + 9|acfg — 6la®fi —18 abfi + 6lacfi + 6 
achl —12|abik — 6|beij — 6|abgh — 6|bcfh — 6|acil —12|abgj + 6|af?* — Aja — 4 
aqk — 6|af'k +12|bg% +12|abjl —12|bck] —12 agi? +12|achk+ 6|0gj —18 begj + 6 
afgj -18| P? + 9| + 9) afhl —36 bfgl —36| ch? + 9|afgh - 18 bchk + 6|02 — 4 
agk +12) bfhj — 181672) -12|afjk — 18 | 3⁄2; —18) off? +12| afjl 4306 bfgh + 18 | chk — 18 
aghi — 18 | bghk — 18 | ofgk — 18 | agk? + 12 | bgik — 18 | cghl — 36 | agkl — 48 | bl + 36 | efgh + 18 
ag? 48 bh +12 cfhi —18|aihk — 18| bhi? +12) cgjk —18 ahil 4 36|bgkl + 36 |l — 48 
aji —36 bh? +48 ËB +48) ak? +48/ bil? 448|chij —18 | aijk -- 18 | bil. — 48 | egkl +36 
chj -12|bjki — 36 cik! — 36 | bh? +12 |  +12|gË 448|aP —32|bük +18 |cijk +18 
Je +12) f$ = 3|/°⁄@⁄ = 3|gPk — 6, f*j «12|fgj — 61a — 4/02  —32 chil +36 
gh — 3|fAkl —24| foil — 24 | frj 36 f?gk +36|gk leh? — 4\ch® — 4|cP — 32 
ghj| —24 | fj? +36) fe} — 6fki 412|f9hi — 6|ghi +36 | fly? —306|f?M +12|/@1 +12 
gk — 6) gh +12\ gk +36 WP —12\f%? -12)gP -12! gh +12) f%¥k —36 | foy +12 
hij? +36 hik? — 6| A? +12) Ajhl —24| fikl —24 | gijl —24| ghjk 12 fg? — 36 |ghki — 36 
J^ —12| PP —12 0? -12/72 = Bana — 3/032 — 8] —36|fAki +12] gh? — 36 
Aj? +24 fk? +24) gi? + 24 
JE +12) cel + 12 | yl +12 
WWMW.rcin.orgipl 
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ing. it. én. e&y»yu TOL. Pr. nf. Pe. PE. EP. 
befj -12|acfj — 12 | abgk —12|abci + 6|abcj + 6|abck + 6 |abcf + 6 abg + 6| abch + 6|abcl — 24 
begk + 30 | acgk — 12 | abhi —12|acf* —12 | abg? — 12 abfy — 24 | abi? -12| acfl + 36 | abgl +36) abgi + 6 
behi —12|achi +30 |abij -30|afi? + 6|acfh —24|abil -- 36|af*i + 6|acik —24|abij —24|acfk + 6 
he? —24}acl? —24| ab? — 24 | begh — 24 | ackl + 36 | afl +12) bchl. + 36 | af gi —30| ack? — 12 | af?g + 30 
f -18|aff +24|af h —18 bol 36 afgl —60 afik — 30 | bcjk —24 asl -12|aftj —36 af — 48 
bgil -12|agil -12|afkl 12 |bgl +12| aftj + 54 | bch? —12 | bfgqj -54|bc? —12|afgk -12|aPk + 30 
bèj +24| aay —18 ad +24 |bgij — 30| ahi? —36 bf? —36|bg'k —36|bgj + 6|afhi +54|bchj + 6 
ofth + 94 | egh? — 18 | bgh? +24 | ofhl — 60 | agik + 12 bghl — 60 | bghi +12) cfhj + 12 afP +24 bah + 30 
cfkl + 12|chjl +12| bAjl +12 ofjk +12|ai + 24 bgjk +54| bg? +24 | cghk + 54 | aikl — 60 | bgjl — 48 
cik? —18| ck -24|bjk —18 |cgk? —36|bg? + 6|bh +12) byl —60|cÀ; —36|5ghj —30 bi + 30 
frgl +60|/g2 —12|/M1 +60) chik +54 ehh +12 BË + 24 ofhk —30| ch? +24) 0j +12 ofh? + 30 
füj -12|294 +60 |fhjk —66|ckP +24) chjk —30| chk? + 6| ck --12|ejkl —60|ch*k + 6 chkl — 48 
“k —66|gijk — 12 | ghk? —12|f*gj —24|fghj + 18 "Aj + 60|f*gh = 66 |f/g?h. —66| gl? — 66 cji? + 30 
Fhe -12|ghij — 66 | Aki — 12 | fk +60) ffl —48|fghk + 18 | f%1 —48 /gl +72|fhjl —12 f^ + 24 
fih -48|gjB —48|AkP —48 | fghi +78) g'hk —24 fii — 24 | fgkl —12|fiy —94|ffk + 60 |/ghl +108 
Ph +60 |p + 60/72 +60| fg? —96| ghi + 60| fh —96|fhil «T2 GKI —48 | ghkl + 72 jk = 114 
| fül +72| ghP —96|fjkl —12|füjk +78| ghil —12] qi? —24 |f hij — 114 
gikl —12|gjkl + 72 |gkl —48|fP  -48|gük +78) hil 2d fB + 24! 
hil — 48|)4jl —12|hkl +72) gik® -60|gP +481]74jk +78| gk? + 24 
ijk —66|42k —66[ j —66|AÀCOk —24|hij +60|AP +48) ghki — 114. 
iB -48|j? +48 Ë -48|ikP —96|gË8 —96|jk? —96|gkP + 24 
AM + 24 
hi? + 24 
ijkl +108 
| a 
+222 +222 +222 +408 +408 +408 =+ 408 +408 +408 +558 


The preceding Tables contain the complete system [not so] of the covariants and 
contravariants of the ternary cubic, ie. the covariants are the cubic itself U, the 
quartinvariant SS, the sextinvariant T, the Hessian HU, and an octicovariant, say GU; 
the contravariants are the cubicontravariant PU, the quinticontravariant QU, and 
the reciprocant FU. 


The contravariants are all of them evectants, viz. PU is the evectant of S, QU 
is the evectant of T, and the reciprocant FU is the evectant of QU, or what is the 
same thing, the second evectant of T. 


The discriminant is a rational and integral function of the two invariants; repre- 
senting it by R, we have R= 64 S'— 


P 


If we combine U and HU by arbitrary multipliers, say « and 68, so as to form 
the sum aU + 68HU, this is a cubic, and the question arises, to find the covariants 
and contravariants of this cubic : 


aU--68HU | -aU--68HU. 
H(aU+6BHU)= (0,28, T, 
+ (1, 0, um 128, Zu 
o. Ih 


No. 68. 


8S: Ya, By U 


2T $a, BY HU. 
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P(aU+68HU)= (10,128, 47 a, BP PU 
4(0,1, 0,—48' a, By QU. 
Q(aU--68HU)-— (0,608,307, 0, —120TS, — 24T? + 576S* $a, Bp PU 
+G, 0, 0, 107, 2408. 2478 Ya, By QU. 
S (aU +68HU)= (S, T, 248", 4TS, T^ — 4885 Ja, By. 
T (aU + 6BHU) = (T, 968*, 6075, 207*, 2407'S, — 487°S + 46088, — 8T* + 516 TS" (ja, By. 
R(aU + 68HU) =[(1, 0, — 248, — 8T, — 488: Ya, 8) PR. 
F (aU + 68HU)= (1,0, —248, — 8T, — 482 Wa, By FU 
+(0, 24, 0, 0, —487Ya, B} (PUY 
+(0, 0, 24, 0, 96S Ya, BY PU.QU 
+(0, 0, 9, 8, 0 Wa, By (QUY. 


We have, in like manner, for the covariants, and contravariants of the cubic 
6aPU + 8QU, the following Table: 


No. 69. 
6aPU + QU = 6aPU + BQU. 
H(6aPU + 8QU) = ( — 2T, 488», 18T8, T*--168* Wa, By PU 
+ (88, T, — 88, — TS Wa, B» QU. 


P (6aPU + BQU) = (328%, 19275, 774+ 328%, — ATS* Wa, Bp U 
+ (AT, 968, 1278, Te — 328^ Wa, By HU. 


Q (6aPU + QU) — (+8847 S», ^ 
+1207°S +7680 $, | | 
+ 107* + 320078, 
+ 480 T* S", 
+ 30725, 
+ 174 24T28° + 51996 j 


(a, BYU 


+ (— 247 +4608 S» ^ 
" 19207 $, 
+ 480755, 
+ 307% + 1920785, 
+ 120758: +7680 $, 
—  6TS- 7687S ) 


a, BY HU. 
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S(@PU+8QU)= (+ 1T +192 8, 
+ 1287 $, 
+ 18738 +384 S$ Ça, gy 
+ 17% + 647%, 
+ 5S 64 8 | 


T(64PU--BQU)— (— 87% + 4608TS, 
+ 1920728? + 73728 S5, 


e 


+ 8607°S + 38400755, 
+ 2074 + 89607538, a, By. 
+. 840T*S? J 7680755, 
+ 867T*8 +  384T*8* + 24576. S, 
+ Is -—  A0T*S 4.4 25607S* j 
R (6aPU + 8QU) = [(485, 8T, — 96S, — 24TS, — T? — 168 Ya, By R. 
F (6aPU + BQU)=( 1928, 32T , —384 & ,4 9678 ,— 47 — 64S Ya, B OU 
4( 0 , 512 & 1927S , ATS i T: Ya, By. U2 
+ (18448, 3527S,  247°—1152S%, — 2887'S? ,— 2078S + 04S Ya, BU. HU 
+( 48T, 0/7 98878 , 24794153868, 144TS* ^ “a, S (HUy. 


The tables for the ternary cubic become much more simple if we suppose that 
the cubic is expressed in  Hesse's canonical form; we have then the following 


table: 
No. 70. 

U =a +y +? + bley. 

S =-I+l4 

T -1-920P-8i* 

R° Di ae 

HU =P (æ +y + 29) — (1 + 20) xyz. 

OU =(1 + 8l2)° (ys? + zv + ay’) 
+ (- 9D) (e + + Py 
+ (— 21 — 5l — 20F) (zt + y? + 2) xyz 
+ (— 15Ë — 780 + 1218) anya. 

@,U =4(1 + 8h) (yP + za? + ay’) 
4- (—1 — Als — 41) (a + y + 2°) 
4 (AL + 100% + 1121) (a? + y + 2) aya 
+ (48Ë + 552Ë + 48P) a*y*z". 
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@, U = — 2 (1 + 8Py (y*2 + za? + ay?) 
+ (1 — 100) (a? + y? + z) 
+ (61 — 1801 + 961) (2? + y + 2°) wyz 
+ (6P — 62418 — 19219) à?y?z2, 
PU. = —l(P +n E) C 1+ AD) En 
QU =(1—10P)(& + n° + &) — 6P (5 + 40) En. 
FU = —4(1 + 82) (8 + PP Py) 
+ (E+ n° +o)? 
— 94b (£2 +98 + P) Ent 
— 241 (1 + 2) Eyres, 
to which it is proper to join the following transformed expressions for @U, @ U, @; U, 
viz. GU =(14 81) (52 + 223 + xy?) 
+ (— 2} — Ë) U? 
+ (2l — 51) U. HU 
+(—3P ) (HU). 
@,U =4(1 + lË) (Pe + zia? + ay’) 
+ (—1+12Ë + 4) U? 
+ (-16/+44 )U.HU 
+ (—12P ) (H UY. 
@, U = —2(1 + 8Py (2 + zi? + ay’) 
+ (1—16FE-— 619) U? 
+ (61 )U.HU 
+ (67 ) (HUY. | 
The last preceding table affords a complete solution of the problem to reduce à 
ternary cubie to its canonical form. 


[I add to the present Memoir, in the notation hereof (a, b, c, f, g, h, z, j, k, Wa, y, 2) 
for the ternary cubic, some formule originally contained in the paper “On Homo- 
geneous Functions of the third order with three variables," (1846), but which on account 
of the difference of notation were omitted from the reprint, 35, of that paper. 

Representing the determinant 

—| aæ+hy+ je, hæ+ky+bz, jæ +ly+gz, Ë 
hæ + ky + bz, kæ+by+fz, læ +fy+iz, n 
je +ly+gz, le+fy+iz, gæ+iy+cz, ¢ 


£ ; 7 ; £ 
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by (A, B, CO, F, G, Hio, y, zy 


the values of A, B, C, F, G, H (equations (10) of 35) are 


— 2bl | —9fg 


- À gk 
2jl 2fl 29% J9 ij a 
" —9gh | — 2⁄2 |—2cl |— ck|— ch |+ fj 
= gk 
_ hi 


Moreover writing 


bo 
3 
Š v 3 


So that 


FU = Aa + Bb + Cc + 2Ff + 28g + 2 Hh, 
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then the values of a, b, c, f, g, h (equations (13) of 35) are 


-98 | ~2f2- | — “be 


3| 29 2ag| 0 9) 0 
— 2g? — 27? — ca 
ë| 26h | 2ak 0 0 hk 
— 2⁄2 | — 272 — ab 
nt} 8gl 0 4j | 27 3a ca 
— 64 — 4al | — 2ag | - 2) | - gj 
— 2ch — gh 
CEN 4fk| 8hl| O ab| 2⁄2 3) 
— 4bl | — 67k — hk | —2bh | — 2kl 
— 2af _ hf 


&p| 0 Agi 8fl 3ck be 2? 
—4cl |-—6hi |— 2⁄4 |— fi |—2cf 


— 2bg | = /g 
wp| 8h |] 42] 0 | 24] abi 3af 
— 6hf | — 4al —2ak|— hk|—2M 
= 9bj - jk 


te| 0 - d Afk 30g | 2f x bc 


ép) 49% 0 gl ca 3ch 29° 
— 4cl —6gh|— gj | -2gl | - 2g 
— 2a — 4 


| Ghi| 2ag| 2ak| 4al jk gh 


ES Agk — 3af — 3a 
— 8? 
ee 2bi 6/7 2bh hf ki 
-30 | +6gk | -2 (+24 | 4M | + 2f 
=d —3b | —4fk |= Sbg Y 
— 8? 


ep) 2f | 2qg 6gk ij Jg 4cl 
— 2? |—2g |+ 6i | +2gl | - 24 |—4gi 


én é| ck 2gj 4af | Tgh| 4P Tij 
+ 4il |—2ca | + AL 1—- 6jl | + 2f) | — 6gl 
— 8/7 — 8jk | — ai | +2gk | — ch 


ine) 4bg| 4ai| 2hk| jk | Thf| 4P 
+4/ | +4jl | —2ab [= 624 | = 68 | + 2gk 

— 8ki | + 8gh —~af |— b 42h 

- 8j 
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Also if the discriminant be written 


K(U)= 


oes 


e. Q 


wl Ip Ws. = e 
mR RR =. 
G «Go 
eC ad = S =s 
QM aw < x 
E NIST 


then the values of A, 39, ©, 4f, €x, I, X, qj, K, $ (equations (20) of 35) are 

A =akg+2hjl — al? — gh? — jk, 
48 =bih +2fkl — bP — hf? — kW, 
C =cjf +2 — ch — fy — čj, 

84f —bch + by — ck + 2gfk —2bgl - fP —f?j — fih, 

3G —caf + cjk — a? +2hgi — 2chl + gË — gk — gif, 

39H —abg + aki — b? 4+ 2fhj —2afl-- P — hi — hkg, 

3 =b + cfh — bg? +2kig —2ckl + jb — eh — fu, 

39 —cak-- agf— ch? 25h —2ad + kË -Pf — gjk, 

334 — abi + bhg — af?--2jkf — 2bjl +i — kg — hki, 

635, = abc + 3fgh + 3k +2Ë  — afi— bgj — chk — 2lgk — Ahi — Ufi. 


The equation K(U)= R—64S* — T? would however afford a perhaps easier formula for 
the calculation of the discriminant.] 
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